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Abstract
We show that the galileons can be thought of as Wess–Zumino terms for the spontaneous
breaking of space-time symmetries. Wess–Zumino terms are terms which are not captured
by the coset construction for phenomenological Lagrangians with broken symmetries. Rather
they are, in d space-time dimensions, d-form potentials for (d+1)-forms which are non-trivial
co-cycles in Lie algebra cohomology of the full symmetry group relative to the unbroken
symmetry group. We introduce the galileon algebras and construct the non-trivial (d + 1)-
form co-cycles, showing that the presence of galileons and multi-galileons in all dimensions is
counted by the dimensions of particular Lie algebra cohomology groups. We also discuss the
DBI and conformal galileons from this point of view, showing that they are not Wess–Zumino
terms, with one exception in each case.
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1 Introduction
The study of higher-dimensional origins for consistent infrared modifications of gravity has led to
the discovery of novel four-dimensional scalar field theories with intriguing properties, which point
to interesting implications for both particle physics and cosmology. The simplest, and original
example is provided by the Dvali–Gabadadze–Porrati (DGP) model [1], which describes a 3-brane
floating in a five-dimensional bulk via an action containing both a bulk and brane Einstein–
Hilbert term. It is possible to write a four-dimensional effective action for this model and to take
a decoupling limit, in which Einstein gravity is modified by the presence of an additional scalar,
π, which possesses an interaction of the form ∼ π(∂π)2 [2].
Though this interaction is higher-derivative, it nevertheless has second order equations of
motion. This guarantees that the theory does not propagate a ghost, which is the usual pathology
associated with many higher-derivative scalars. From the higher-dimensional viewpoint, the π
field is the brane-bending mode—the Goldstone field associated with spontaneously broken five-
dimensional Poincare´ invariance. In a certain limit, this non-linearly realized symmetry manifests
itself as a “galilean” shift symmetry of the scalar
π(x) −→ π(x) + c+ bµxµ . (1.1)
Although terms of this type have their origins in brane-world modified gravity models, they have
since been abstracted, and studied in their own right [3], with the relevant scalar field named the
galileon (for a review of recent developments, see [4]).
In four dimensions, it is possible to construct five terms which have both second-order equa-
tions of motion and are invariant under this galilean shift symmetry. In d dimensions, there are
d+ 1 such terms. For 1 ≤ n ≤ d, the n-th order galileon Lagrangian is
Ln ∼ ηµ1ν1µ2ν2···µn−1νn−1
(
π∂µ1∂ν1π∂µ2∂ν2π · · ·∂µn−1∂νn−1π
)
, (1.2)
where ηµ1ν1µ2ν2···µnνn ≡ 1
n!
∑
p (−1)p ηµ1p(ν1)ηµ2p(ν2) · · · ηµnp(νn), the sum over all permutations of the
ν indices, with (−1)p the sign of the permutation. The first is a tadpole, L1 ∼ π, the second is
the kinetic term L2 ∼ (∂π)2, and the third L3 ∼ π(∂π)2 is the cubic DGP-like term.
It is also possible to construct SO(N) symmetric multi-galileon theories, where the fields
πI each have the shift symmetry (1.1) and also rotate in the fundamental representation of an
internal SO(N) [5, 6]. In this case, in d dimensions there are d/2 possible galileon terms if d is
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even, and (d+1)/2 if d is odd. Only galileons for n even exist, containing an even number of πI ’s
(thus, there is no tadpole). These are obtained by simply contracting indices with δIJ ,
Ln ∼ δI1J1δI2J2 · · · δIn/2Jn/2ηµ1ν1µ2ν2···µn−1νn−1
× (πI1∂µ1∂ν1πJ1∂µ2∂ν2πI2∂µ3∂ν3πJ2 · · ·∂µn−2∂νn−2πIn/2∂µn−1∂νn−1πJn/2) . (1.3)
There are two further important properties for what we will have to say. First, the galileon
terms are not strictly invariant under the symmetry (1.1), but rather shift by a total derivative,
leaving the action invariant. Second, the n-th galileon has 2n− 2 derivatives, so they have fewer
than two derivatives per field, whereas every other possible term invariant under (1.1) has at least
two derivatives per field.
Much of the interest in galileons is due to their attractive field-theoretic properties. The fact
that they have fewer derivatives than other terms invariant under the shift symmetry makes it
possible to find regimes in which the galileons can be consistently treated as the only important
interactions [7]. Furthermore, around sources, galileon theories exhibit the Vainshtein screening
mechanism [8, 9] at short distances, allowing them to evade fifth force constraints, such as those
provided by measurements within the solar system. Finally, the galileon terms are not renormal-
ized to any loop order in perturbation theory [2, 6], allowing them to be treated classically.
Theories of this type have been used for many phenomenological applications in both the
early and late universe, including inflation [10–12], alternatives to inflation [13–15], and late-time
cosmic acceleration [16–19]. They have been covariantized and coupled to gravity [20, 21] as well
as extended to p-forms [22], supersymmetrized [23] and coupled to gauge fields [24, 25]. Galileons
also appear in the scalar sector of ghost-free massive gravity [26, 27] (for a review, see [28]).
The construction of galileon theories can be illuminating itself. One instructive method of
deriving the galileon terms is via the probe brane construction of [29], in which a 3-brane probes
a five-dimensional bulk. From this geometric perspective, galileon terms appear as the small-
field limit of Lovelock invariants of the induced brane metric and from Gibbons–Hawking–York
boundary terms associated with bulk Lovelock invariants. The appearance of Lovelock invariants
sheds some light on the fact that galileon terms have second order equations of motion—Lovelock
terms are the only terms that may be added to Einstein gravity while maintaining second order
equations of motion for the metric [30]. The probe brane construction has been extended in
various directions, most notably to higher co-dimension [6, 25]—leading to the multi-galileons
with an internal global SO(N) symmetry among the fields (which can furthermore be gauged
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[24, 25])—and to curved backgrounds [31–34], where the fields are invariant under complicated
non-linear symmetries inherited from bulk Killing vectors.
In this paper we present a different method of deriving the galileon terms—an algebraic
method, treating them as Goldstone modes of spontaneously broken space-time symmetries. We
employ the techniques of non-linear realizations developed by Callan, Coleman, Wess and Zu-
mino [35, 36] and Volkov [37]. We show that, like the familiar Wess–Zumino–Witten term of
the chiral Lagrangian [38, 39], the galileon terms in d dimensions are not captured by the na¨ıve
d-dimensional coset construction. Instead, the galileons arise from invariant (d + 1)-forms cre-
ated via the coset construction which are then pulled back to our d dimensional space-time in
order to create galileon invariant actions. The relevant (d + 1)-forms, and hence the galileons,
are associated with non-trivial co-cycles in an appropriate Lie algebra cohomology [40–42], which
is a cohomology theory on forms which are left-invariant under vector fields that generate the
symmetry algebra.1 This is related to the internal symmetry case, where it was shown in [43] that
Wess–Zumino terms are counted by de Rham cohomology. Indeed, for compact groups, de Rham
and Lie algebra cohomology are isomorphic [45].
After reviewing the general coset construction, we describe the algebra non-linearly realized
by the galileons—the “galileon algebra.” We show that, inspired by brane-world models, this is
a contraction of a higher-dimensional Poincare´ algebra only along particular auxiliary directions,
that is, it can be thought of as the Poincare´ algebra of a brane embedded in higher dimensions,
where the speed of light in the directions transverse to the brane is sent to infinity, while the
speed of light along the brane is kept constant. The most familiar example of a galileon theory
is the non-relativistic free point particle, which can be thought of as a (0 + 1)-dimensional field
theory invariant under the galilean group. We review the construction of the kinetic term for
the free particle as a Wess–Zumino term before applying our arguments to the most physically
relevant situation of galileons in four dimensions. As the galileons are Wess–Zumino terms, we
argue that the number of such terms for both single and multi-galileon situations is bounded by
the dimension of the appropriate Lie algebra cohomology groups.
Additionally, we consider the conformal galileons. In this case, only one of the conformal
galileons, the cubic term, appears as a Wess–Zumino term for spontaneously broken conformal
symmetry. We construct this Wess–Zumino term explicitly and comment on its relation to the
1A similar viewpoint was conveyed in [46], where the low-energy effective actions for non-relativistic strings and
branes were obtained as Wess–Zumino terms.
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curvature invariant technique employed in [3] to construct the conformal galileons.
Finally, we demonstrate that, although the original galileons are Wess–Zumino terms for
spontaneously broken space-time symmetries, this is not the case for the relativistic DBI galileons
[29, 73], which—aside from the tadpole term—are obtainable from the coset construction and hence
are not Wess–Zumino terms. We show how to construct the DBI galileons using the techniques
of non-linear realizations.
Conventions: We use the mostly plus metric convention. The number of spacetime dimen-
sions is denoted by d. The flat space epsilon tensor is defined so that ǫ01···d = +1. Indices are
anti-symmetrized with weight one.
2 Nonlinear realizations and the coset construction
The galileon actions are invariant under the non-linear symmetries (1.1), and may therefore be in-
terpreted as Goldstone bosons arising from spontaneous symmetry breaking. Broken symmetries
and effective field theory have historically been extremely profitable viewpoints from which to
study the low-energy dynamics of physical systems. Motivated by the successes of phenomenolog-
ical Lagrangians in describing low energy pion scattering [47], Callan, Coleman, Wess and Zumino
[35, 36], as well as Volkov [37], developed a powerful formalism for constructing the most general
effective action for a given symmetry breaking pattern. This is the now well-known technique of
non-linear realizations, or coset construction, which we review briefly here. More comprehensive
reviews are given in [48, 49].
2.1 Spontaneously broken internal symmetries
We begin by reviewing the problem of constructing a Lagrangian for Goldstone fields corresponding
to the breaking of an internal (i.e., commuting with the Poincare´ group) symmetry group G
down to a subgroup H ; that is, we seek the most general Lagrangian which is invariant under
G transformations, where the H transformations act linearly on the fields and those not in H
act non-linearly. As is well known [35, 36], there will be dim(G/H) Goldstone bosons, which
parametrize the space of (left) cosets G/H .
However, to start with, we use fields V (x) that take values in the group G, V (x) ∈ G, so
that there are dim(G) fields. We then count as equivalent fields that differ by an element of
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the the subgroup, so V (x) ∼ V (x)h(x), where h(x) ∈ H . To implement this equivalence, we
demand that the theory be gauge invariant under local h(x) transformations V (x) → V (x)h(x).
There are dim(H) gauge transformations, so the number of physical Goldstone bosons will be
dim(G)− dim(H) = dim(G/H), the expected number.
The global G transformations act on the left as V (x) → gV (x), where g ∈ G. The theory
should therefore be invariant under the symmetries
V (x) 7−→ gV (x)h−1(x), (2.1)
where g is a global G transformation, and h−1(x) (written as an inverse for later convenience) is
a local H transformation.
A Lie group, G, possesses a distinguished left-invariant Lie algebra-valued 1-form, the so-
called Maurer–Cartan form, given by V −1dV . Since this is Lie algebra-valued we may expand
over a basis {VI , Za} where {VI}, I = 1, . . . , dim(H) is a basis of the Lie algebra h of H, and {Za},
a = 1, . . . , dim(G/H) is any completion to a basis of g. We expand the Maurer–Cartan form over
this basis,
V −1dV = ωIV VI + ω
a
ZZa , (2.2)
where ωIV and ω
a
Z are the coefficients, which depend on the fields and their derivatives. The
Maurer–Cartan form (2.2), and hence the coefficients in the expansion on the right hand side, are
invariant under global G transformations.
Under the local h(x) transformation, the pieces ωV ≡ ωIV VI and ωZ ≡ ωIZZI transform as
ωZ 7−→ hωZh−1,
ωV 7−→ hωV h−1 + h dh−1 . (2.3)
We see that ωZ transforms covariantly as the adjoint representation of the subgroup, and we use
it as the basic ingredient to construct invariant Lagrangians [35–37, 48]. On the other had, ωV
transforms as a gauge connection.2 If we have additional matter fields ψ(x) which transform
under some linear representation D of the local group H (and do not change under global G
transformations),
ψ −→ D (h)ψ , (2.4)
2This is a reflection of the well-known fact that the pullback of the Maurer–Cartan form defines a natural
H-connection on G/H [42, 50, 51].
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we may construct a covariant derivative using ωV via
Dψ ≡ dψ +D(ωV )ψ, Dψ → D (h)Dψ . (2.5)
Thus, the most general Lagrangian is any Lorentz and globally H-invariant scalar constructed
from the components of ωZ , ψ, and the covariant derivative,
L (ωZIµ, ψ,Dµ) . (2.6)
To obtain a theory with global G symmetry, we fix the h(x) gauge symmetry by imposing
some canonical choice for V (x), which we call V˜ (x). This canonical choice should smoothly pick
out one representative element from each coset, so V˜ (x) contains dim(G/H) fields. In general,
a global g transformation will not preserve this choice, so a compensating h transformation—
depending on g and V˜—will have to be made at the same time to restore the gauge choice. The
gauge fixed theory will then have the global symmetry
V˜ (x) 7−→ gV˜ (x)h−1(g, V˜ (x)). (2.7)
If we can choose the parametrization such that the transformation (2.7) is linear in the fields
V˜ only when g ∈ H , then we will have realized the symmetry breaking pattern G→ H . When the
commutation relations of the algebra are such that the commutator of a broken generator with a
generator of H is again a broken generator [VI , Z] ∼ Z, (which is true if G is a compact group),
one way to accomplish this is to choose the parametrization
V˜ (x) = eξ(x)·Z . (2.8)
Here the real scalar fields ξa(x) are the dim(G/H) = dimG − dimH different Goldstone fields
associated with the symmetry breaking pattern. Under left action by some g ∈ G, (2.7) gives the
transformation law for the ξa(x) as,
eξ·Z → eξ′·Z = geξ·Zh−1(g, ξ) , (2.9)
As can be seen using the Baker–Campbell–Hausdorff formula and the commutation condition
[VI , Z] ∼ Z, the action on ξ is linear when g ∈ H .
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2.2 Spontaneously broken space-time symmetries
In the preceding subsection we reviewed the case of spontaneously broken internal symmetries.
Galileons, however, arise as Goldstone modes of spontaneously broken space-time symmetries
(the non-linear symmetries (1.1) do not commute with the Poincare´ generators). Consequently,
we must extend the coset procedure to account for subtleties involved in non-linear realizations of
symmetries which do not commute with the Poincare´ group. This was worked out comprehensively
by Volkov [37] and is reviewed nicely in [48]. While the construction is generally similar to
the internal symmetry case, the main subtlety is that now we must explicitly keep track of the
generators of space-time symmetries in the coset construction.
Following [48], we assume that our full symmetry group G contains the unbroken generators
of space-time translations Pα, unbroken Lorentz rotations Jαβ, an unbroken symmetry subgroup H
generated by VI (which all together form a subgroup), and finally the broken generators denoted
by Za. The broken generators may in general be a mix of internal and space-time symmetry
generators. As before, we want to parameterize the coset G/H , but the parameterization now
takes the form [37, 48, 53]
V˜ = ex·Peξ(x)·Z . (2.10)
Note that we treat the translation generators on the same footing as the broken generators, with
the coefficients simply the space-time coordinates.3 As in the case of the internal symmetries,
under left action by some g ∈ G, (2.10) transforms non-linearly
ex·P eξ(x)·Z 7−→ ex′·P eξ′(x′)·Z = g ex·P eξ(x)·Zh−1(g, ξ(x)) , (2.11)
where h(g, ξ(x)) belongs to the unbroken group spanned by VI and Jµν , but has dependence on ξ.
As in the internal symmetry case, the object in which we are interested is the Maurer–Cartan
form
V˜ −1dV˜ = ωαPPα + ω
a
ZZa + ω
I
V VI +
1
2
ωαβJ Jαβ , (2.12)
3This is little more than bookkeeping. While the space-time translations Pµ are not spontaneously broken since
their representation is linear on the fields ξ, the coordinates xµ formally transform non-linearly under a translation
xµ → xµ + ǫµ which merits their inclusion in the coset parameterization. One intuitive way to understand this is
to think of Minkowski space as the coset Poincare´/Lorentz, as is pointed out in [53, 75]. For the remainder of the
paper, translation generators Pµ whose “Goldstone” is a coordinate x
µ will be referred to as “unbroken,” while the
remaining translations PA will be referred to as “broken”.
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where we have again expanded in the basis of the Lie algebra g. We may act with the transfor-
mation (2.11) to determine that the components, ωP ≡ ωαPPα, ωZ ≡ ωaZZa, ωV ≡ ωIV VI , ωJ ≡
1
2
ωαβJ Jαβ of the Maurer–Cartan 1-form transform as [48]
ωP → h ωP h−1,
ωZ → h ωZ h−1,
ωV + ωJ → h (ωV + ωJ)h−1 + h dh−1 . (2.13)
The covariant transformation rule for ωP and ωZ tells us that these are the ingredients to use in
constructing invariant Lagrangians [37, 48, 53]. The form ωP , expanded in components is
ωP = dx
ν(ωP )
α
ν Pα, (2.14)
Here the components (ωP )
α
ν should be thought of as an invariant vielbein, with α a Lorentz index,
from which we can construct an invariant metric
gµν = (ωP )
α
µ (ωP )
β
ν ηαβ, (2.15)
and an invariant measure
− 1
4!
ǫαβγδω
α
P ∧ ωβP ∧ ωγP ∧ ωδP = d4x
√−g . (2.16)
The form ωZ , expanded in components
ωZ = dx
µ(ωZ)
a
µ Za, (2.17)
yields the basic ingredient Dαξa, the covariant derivative of the Goldstones, through
(ωZ)
a
µ = (ωP )
α
µ Dαξa. (2.18)
We can construct covariant derivatives D for matter fields ψ, transforming as some combined
Lorentz and H representation, which we call D, by using ωV + ωJ as a connection,
ωαPDαψ = dψ +D(ωV )ψ +D(ωJ)ψ . (2.19)
This can also be used to take higher covariant derivatives of the Goldstones. From these pieces,
e αµ , Dαξa, ψ and Dα, we can build the most general invariant Lagrangian by combining them in
a Lorentz and H invariant way, and then multiplying against the invariant measure (2.16).
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2.3 Inverse Higgs constraint
There is another subtlety that arises in extending the coset construction to the case of space-
time symmetries—there can be non-trivial relations between different Goldstone modes leading
to fewer degrees of freedom than na¨ıve counting would suggest. This is the well-known statement
that the counting of massless degrees of freedom in Goldstone’s theorem fails in the case of broken
space-time symmetries [37, 52–58]; that is, the number of Goldstone modes will not in general be
equal to dim(G/H). This phenomenon is sometimes referred to as the inverse Higgs effect [56].
Accounting for this is simple—if the commutator of an unbroken translation generator with
a broken symmetry generator, say Z1, contains a component along some linearly independent
broken generator, say Z2,
[P, Z1] ∼ Z2 + · · · , (2.20)
(where the dots represent a component along the broken directions), it is possible to eliminate the
Goldstone field corresponding to the generator Z1 [53, 56, 57]. The relation between the Goldstone
modes is obtained by setting the coefficient of Z2 in the Maurer–Cartan form to zero.
This is a covariant constraint; i.e., it is invariant under G because the Maurer–Cartan form
itself is invariant (often, the inverse Higgs constraint is imposed automatically in a constructed La-
grangian because it is equivalent to integrating out the redundant Goldstone field via its equation
of motion [57]). We will need to use the inverse Higgs constraint in constructing the galileons.
3 Cohomology
As we shall see, the galileon terms are in fact not captured by the coset construction of the previous
section. This is essentially due to the fact that the coset construction produces Lagrangians which
are strictly invariant under the desired symmetries, but the galileon Lagrangians are not strictly
invariant—they change by a total derivative (so the action is still invariant). As we shall also see,
it will turn out that they can be thought of and categorized as non-trivial elements of Lie algebra
cohomology.
In this section, we introduce the necessary concepts and definitions of Lie algebra cohomology
and relative Lie algebra cohomology needed for classifying the galileons. For a more comprehensive
introduction, including applications, see [41].
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3.1 Lie algebra cohomology
Given a Lie algebra g, an n-co-chain, n = 0, 1, 2, . . ., is a totally anti-symmetric multi-linear
mapping ωn :
∧n
g → R, taking values in the reals.4 The space of n-co-chains is denoted Ωn(g).
One then forms a co-boundary operator δn : Ω
n(g)→ Ωn+1(g) whose action is defined by [41]
δω(X1, X2, . . . , Xn+1) =
n+1∑
j,k=1
j<k
(−1)j+kω([Xj, Xk], X1, . . . , Xˆj , . . . , Xˆk, . . . , Xn+1), (3.1)
for X1, X2, . . . ∈ g and where Xˆ means the argument is omitted, and [ , ] is the Lie algebra
commutator. The first few instances are
δω0(X1) = 0,
δω1(X1, X2) = −ω1([X1, X2]),
δω2(X1, X2, X3) = −ω2([X1, X2], X3) + ω2([X1, X3], X2)− ω2([X2, X3], X1),
... (3.2)
One can show, using the Jacobi identity [X1, [X2, X3]] + [X2, [X3, X1]] + [X3, [X1, X2]] = 0, that
the co-boundary operator is nilpotent
δ2 = 0 . (3.3)
Thus we have Imδn−1 (Ω
n−1) ⊂ Kerδn (Ωn), and we can define the cohomology spaces
Hn(g) =
Kerδn (Ω
n(g))
Imδn−1 (Ω
n−1(g))
. (3.4)
There is another way to represent the co-boundary operator that is often more convenient
when we have an explicit basis. Let {ei}, i = 1, · · · , dim(g), be a basis for the Lie algebra g. The
structure constants c kij are given by
[ei, ej ] = c
k
ij ek . (3.5)
They are anti-symmetric in their first indices, c kij = −c kji . The Jacobi identity becomes c mil c ljk +
c mjl c
l
ki + c
m
kl c
l
ij = 0. Let {ωi} be a basis of the dual space g∗, dual to the basis {ei}, so that
ωi(ej) = δ
i
j . Then we can write any n-co-chain ωn as sums of wedge products of the ω
i,
ωn =
1
n!
Ωi1i2···inω
i1 ∧ ωi2 ∧ · · · ∧ ωin , (3.6)
4In general, one can consider the case in which the co-chains take values in an arbitrary vector space on which
acts a non-trivial representation of g, but we do not need that here.
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where Ωi1i2···in is the totally anti-symmetric tensor of coefficients. The action of the co-boundary
operator on a single ωi is given by
δωi = −1
2
c ijk ω
j ∧ ωk , (3.7)
and is extended to wedge products of multiple ω’s by using linearity and the Leibniz product rule,
where we are careful to include the addition of a minus sign every time δ has to pass through
an ω.5 For example, we have δ (ωi ∧ ωj) = −1
2
c ikl ω
k ∧ ωl ∧ ωj + 1
2
c jkl ω
i ∧ ωk ∧ ωl. In terms of
components, we have
(δΩ)i1···in+1 = −
n(n + 1)
2
c j[i1i2 Ω|j|i3···in+1]. (3.8)
Lie algebra cohomology also has a geometric interpretation.6 Consider the simply connected
Lie group G associated to the Lie algebra g. The space of p-forms on G which are invariant under
the left action of G on itself can be identified with the co-chains of Lie algebra cohomology. In
fact, there is one left invariant 1-form for each generator of the Lie algebra, and wedging them
together in all ways generates all the invariant p-forms. The usual exterior derivative operator on
G, dp : Ω
p(G) → Ωp+1(G) satisfies dωi = −1
2
cjk
iωj ∧ ωk, and can be identified with the operator
δ of Lie algebra cohomology. Thus, Lie algebra cohomology counts the number of left-invariant
forms on G which cannot be written as the exterior derivative of a form which is also left-invariant.
3.2 Relative Lie algebra cohomology
For characterizing symmetry breaking to a subalgebra, we will need a slightly more refined notion
of Lie algebra cohomology, known as relative Lie algebra cohomology. Consider a subalgebra
h ⊂ g. We define the space of relative co-chains Ωn(g, h), as the subspace of co-chains satisfying
the following two conditions,
Ωn(V,X2, . . . , Xn) = 0 , (3.9)
Ωn([V,X1], X2, . . . , Xn) + Ωn(X1, [V,X2], . . . , Xn) + · · ·+ Ωn(X1, X2, . . . , [V,Xn]) = 0 ,
for all V ∈ h, and X2, · · · , Xn ∈ g . (3.10)
The first requirement says that if any of the arguments lie completely in h, then we get zero. This
means that the form is well defined on the quotient g/h. Equivalently, the n-co-chains are only
5The co-boundary operator, δ, is an anti-derivation on the algebra of co-chains.
6In this geometric context, Lie algebra cohomology is known as Chevalley–Eilenberg Cohomology [40].
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constructed from wedging together one-forms which annihilate h. To see what this means in terms
of components, choose a basis {hI , fa} for g, where {hI}, I = 1, . . . , dim(h) is a basis of h and
{fa}, a = 1, . . . , dim(g/h) completes to a basis of g. Let the dual basis be {ηI , ωa}. To satisfy
(3.9), forms are constructed by wedging together only the forms ωa, so the components Ωi1···in of
(3.6) are zero if any of the indices are in the h directions.
The second condition, in terms of components (3.6), reads c jIi1Ωji2···in + c
j
Ii2
Ωi1j···in + · · · +
c jIinΩi1i2···j = 0. The combination of the two conditions (3.9) and (3.10) on the components, along
with the fact that c aIJ = 0 since h is a subgroup, gives our final conditions in terms of components
for a co-chain to be a relative co-chain,
ΩIi2···in = 0 , (3.11)
c bIa1Ωba2···an + c
b
Ia2
Ωa1b···an + · · ·+ c bIanΩa1a2···b = 0 . (3.12)
Given our basis, the matrices
φ(hI)
b
a = −c bIa (3.13)
form a representation of the subalgebra h,
φ(hI)φ(hJ)− φ(hJ)φ(hI) = c KIJ φ(hK) , (3.14)
as can be straightforwardly shown using the Jacobi identity, as well as the condition c aIJ = 0 which
follows from the fact that h is a subalgebra. Thus, the indices a, b, . . . of the space g/h furnish a
representation of the subgroup h, and the condition (3.12) says that the co-chain coefficients must
be invariant tensors under the action of h in this space.
The δ operator preserves the two conditions (3.9) and (3.10), so δn (Ω
n(g, h)) ⊂ Ωn+1(g, h).
Thus we may think of δ as acting on the spaces Ωn(g, h). The cohomology classes of this action
are denoted by Hp(g, h) and the construction is known as relative Lie algebra cohomology [41],
Hn(g, h) =
Kerδn (Ω
n(g, h))
Imδn−1 (Ω
n−1(g, h))
. (3.15)
Each non-trivial element of Hd+1(g, h) corresponds to a Wess–Zumino term for a d-dimensional
space-time [41, 42].
Relative Lie algebra cohomology also has a geometric interpretation. Consider the connected
Lie group G and subgroup H , corresponding to the algebra g and subalgebra h. We can think of
the group G as a fiber bundle, consisting of spaces H fibered over the base space G/H . The group
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G acts naturally on G/H (which is a homogeneous space with isotropy subgroup H). The relative
co-chains can be thought of as left invariant form on G which are projectable to G/H , i.e., can
be written as a pullback through the projection G→ G/H of a unique form on G/H . Thus they
can be identified with invariant forms on G/H . The operator δ can be identified with the usual
exterior derivative d, so relative Lie algebra cohomology counts the number of left-invariant forms
on G/H which cannot be written as the exterior derivative of a form which is also left-invariant.
4 The galileon algebra
Having briefly introduced the standard techniques of non-linear realizations and made our ac-
quaintance with Lie algebra cohomology, we now move on to the problem of principal interest—
the construction of galileons using this machinery. In order to do this, however, we must first
describe the symmetry algebra which the galileons non-linearly realize. We will call this algebra
the galileon algebra.
A theory of N galileons, πI , I = 1, . . . , N , in d space-time dimensions has the usual Poincare´
invariance iso(d− 1, 1), of a relativistic field theory, under which all the galileons are scalars,
δPµπ
I = −∂µπI ,
δJµνπ
I = (xµ∂ν − xν∂µ)πI . (4.1)
These satisfy the usual commutation relations
[Pµ, Pν ] = 0 ,
[Jµν , Pσ] = ηµσPν − ηνσPµ ,
[Jµν , Jσρ] = ηµσJνρ − ηνσJµρ + ηνρJµσ − ηµρJνσ . (4.2)
There is also a linearly realized internal so(N) symmetry under which the πI rotate in the funda-
mental representation,
δJIJπ
K = (δKI δJL − δKJ δIL)πL , (4.3)
satisfying
[JIJ , JKL] = δIKJJL − δJKJIL + δJLJIK − δILJJK . (4.4)
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Finally, there are the non-linear shift symmetries7,
δCIπ
J = δIJ , δBIµπ
J = xµδ
IJ . (4.5)
These shift symmetries commute amongst themselves, but have the following non-trivial commu-
tation relations with the linearly realized symmetries,[
Pµ, B
I
ν
]
= ηµνC
I ,
[
JIJ , C
K
]
= δKI CJ − δKJ CI ,[
Jµν , B
I
σ
]
= ηµσB
I
ν − ηνσBIµ,
[
JIJ , B
K
µ
]
= δKI BJµ − δKJ BIµ .
(4.6)
We will call the algebra satisfying these commutation relations the galileon algebra in d space-time
dimensions, co-dimension N , and denote it by
Gal((d− 1) + 1, N) , (4.7)
where the first argument indicates that there are d − 1 space dimensions, and 1 time dimension.
Correspondingly, we will denote the galileon group by Gal((d− 1) + 1, N).
Consider first the special case when d = 1, i.e., a 0 + 1 dimensional space-time. The algebra
Gal(0 + 1, N) is the algebra of galilean transformations, the symmetries of a free non-relativistic
point particle moving in N dimensions. The 0+1 dimensional space-time is the particle world-line,
and the N co-dimensions are the dimensions in which the particle moves. The case N = 1 gives
the symmetries of the single field galileons (1.2), and the case N ≥ 2 gives the symmetries of the
so(N) symmetric multi-field galileons (1.3).
4.1 Geometric interpretation of the galileon algebra
The galileon algebras can readily be given a geometric interpretation. Recall that the Poincare´
transformations can be thought of as the algebra of infinitesimal transformations that preserve the
metric tensor ηµν = diag (−1, 1, 1, . . . , 1). The galileon algebra Gal((d − 1) + 1, N) is the algebra
of infinitesimal transformations of Rd+N that preserves two different tensors, one covariant and
one contravariant,
fµν = diag(−1, 1, . . . , 1︸ ︷︷ ︸
d slots
, 0, . . . 0), (4.8)
7For an interpretation of the conserved charges associated with these symmetries, see [44].
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f˜µν = diag(0, 0, . . . , 0, 1, . . . 1︸ ︷︷ ︸
N slots
) . (4.9)
The finite form of this transformation can be given most easily by grouping the coordinates
(xµ, yI) of Rd+N into a column vector with the addition of a 1 in the last slot, and then giving the
transformation in matrix form as

yI
xµ
1

 7−→


RIJ b
I
ν c
I
0 Λµ ν p
µ
0 0 1




yJ
xν
1

 . (4.10)
Here RIJ is a rotation matrix, Λ
µ
ν is a Lorentz transformation, and b
I
µ, c
I and pµ are any real
numbers.
4.2 The galileon algebra as a contraction
Yet another way to think of the galileon algebras as a Wigner–I˙no¨nu¨ contraction [59] of the (d+N)-
dimensional Poincare´ algebra along N of the spatial directions. Physically, we can think of the
galileons as describing a co-dimension N brane, where the speed of light has been sent to infinity
in the directions transverse to the brane, but remains finite in the directions along the brane.
To see this, begin with the (d + N) dimensional Poincare´ algebra iso(d − 1 + N, 1), with
non-zero commutators
[JBC , PA] = ηBAPC − ηCAPB,
[JAB, JCD] = ηACJBD − ηBCJAD + ηBDJAC − ηADJBC , (4.11)
where A,B · · · = 0, 1, 2, . . . , d + N − 1 and ηAB = diag(−1, 1, 1, . . . , 1). Now break apart the
indices, using Greek letters for the first d directions and Latin letters for the N co-dimension
directions,
[Jνρ, Pµ] = ηνµPρ − ηρµPν ,
[Jµν , Jρσ] = ηµρJνσ − ηνρJµσ + ηνσJµρ − ηµσJνρ,
[JIJ , JKL] = δIKJJL − δJKJIL + δJLJIK − δILJJK ,
[JJK , PI ] = δJIPK − δKIPJ ,
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[Pµ, JIν ] = ηνµPI ,
[PI , JJρ] = −δIJPρ,
[JIν , JKσ] = δIKJνσ + ηνσJIK ,
[JKL, JIν ] = δIKJLν − δILJKν,
[Jρσ, JIν] = ηρνJIσ − ησνJIρ . (4.12)
The contraction is performed by introducing a parameter, v, which will be sent to infinity and
which is inserted into the algebra by changing co-dimensional entries of ηAB to v, so that ηAB →
diag (−1, 1, . . . , 1, v, v, . . . , v) and making the following re-scalings
PI −→ vCI , JIν −→ vBIν , JIJ −→ vJIJ . (4.13)
After sending v →∞, the surviving non-trivial commutation relations are
[Jνρ, Pµ] = ηνµPρ − ηρµPν ,
[Jµν , Jρσ] = ηµρJνσ − ηνρJµσ + ηνσJµρ − ηµσJνρ ,
[JIJ , JKL] = δIKJJL − δJKJIL + δJLJIK − δILJJK ,
[JJK , CI ] = δJICK − δKICJ ,
[Pµ, BIν ] = ηνµCI ,
[JKL, BIν] = δIKBLν − δILBKν ,
[Jρσ, BIν ] = ηρνBIσ − ησνBIρ . (4.14)
These are exactly the commutations relations of Gal((d− 1) + 1, N).
5 Non-relativistic point particle moving in one dimension
We now proceed with the coset construction, first considering the simplest case of a galileon: the
one-dimensional non-relativistic free point particle. We can think of this as a 0 + 1 dimensional
brane probing a non-relativistic 1 + 1 dimensional bulk. The Wess–Zumino nature of the kinetic
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term was pointed out in [60] and is elegantly treated using jet bundles in [45]. Here, instead, we
will derive equivalent results from the coset perspective.
We denote the single degree of freedom as q(t), where t is the one and only space-time
coordinate. We want to construct Lagrangians which are invariant under the algebra Gal(0+1, 1),
which is three dimensional and whose generators act on q(t) as follows
δCq = 1, δBq = −t, δP q = −q˙ . (5.1)
Here δC is the shift symmetry on the field, δB is the analogue of the “galilean” shift symmetry
(the galilean boost of the non-relativistic particle) and δP is time translation of the field. The
algebra has only a single non-zero commutator8
[B,P ] = C . (5.2)
The only transformation among (5.1) which is linear is δP , the rigid translations of the line, so
the breaking pattern is
Gal(0 + 1, 1) −→ iso(1). (5.3)
To construct the most general Lagrangian which realizes these symmetries (5.1), we employ
the coset construction for space-time symmetries reviewed in Section (2.2). The parametrization
of the coset (2.10) is given by
V˜ = etP eqC+ξB , (5.4)
where q is the Goldstone field that will become the physical field associated with the shift symme-
try, and ξ is the Goldstone field associated with the galilean boost symmetry. Since the momentum
P is to be included in the coset, there is no subgroup H to be linearly realized. Thus the coset is
the galilean group itself,
Gal(0 + 1, 1) . (5.5)
Next we compute the Maurer–Cartan form (2.12),
ω = V˜ −1dV˜ = dtP + (dq − ξdt)C + dξB , (5.6)
and the component 1-forms used to build Lagrangians can then be read off as
ωP = dt , ωC = dq − ξdt , ωB = dξ . (5.7)
8In relation to the d-dimensional algebra, we are defining P ≡ P0, B ≡ B0.
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Now, it is important to note that there is an inverse Higgs constraint. Inspection of the only
commutator of the algebra (5.2) shows that we can eliminate the ξ field in favor of q by setting
ωC = 0, implying the relation
ξ = q˙ . (5.8)
Substitution into (5.7) then provides simplified expressions for the basis 1-forms
ωP = dt , ωB = q¨ dt . (5.9)
Thus, all the ingredients available for constructing invariant Lagrangians involve at least two
derivatives on each q. There is also the covariant derivative, but this turns out to be just d
dt
, so
taking higher covariant derivatives will only add more time derivatives. Lagrangians constructed
in this way are all strictly invariant under the shift symmetries δB and δC .
This presents a puzzle, since we know that the free particle kinetic term, L = 1
2
q˙2, is also
galilean invariant. Although it is not invariant under δB, it is invariant up to a total derivative,
so it represents a perfectly good Lagrangian which is missed by the coset construction since it
contains fewer than two derivatives per q. Another missed example is the tadpole term L = q,
which changes up to a total derivative under both δB and δC . How do we construct these missing
terms?
The answer is that these terms will appear as particular shift and boost invariant 2-forms
which are themselves constructible from the Maurer–Cartan form (5.7). These terms will live on
the coset space, that is, the space in which q and ξ are considered as new coordinates in addition to
the t direction of space-time. These 2-forms will also be total derivatives in this higher dimensional
space, writable as d of a 1-form. The Lagrangian will be obtained by integrating this 1-form on
the 1 dimensional subspace where q = q(t) and ξ = ξ(t).
The symmetries on this space in our case are generated by the vector fields [45]9
C = ∂q , B = ∂ξ + t∂q , P = ∂t . (5.10)
The components of the Maurer–Cartan form (5.7), where we treat q and ξ as independent coordi-
nates, are the (left) invariant 1-forms on the coset space parametrized by {q, ξ, t}; that is we have
£Xω = 0 where X is any of the vector fields (5.10) and ω is any of the forms (5.7).
9Note that the Lie bracket of left-invariant vector fields is minus the commutator of the algebra.
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Consider the invariant 2-forms, which are all obtained by wedging together all combinations
of the invariant one-forms (5.7). There are three of these, with the first being
ωwz1 = ωB ∧ ωC = dξ ∧ (dq − ξdt) . (5.11)
We note that this can be written as the exterior derivative of a 1-form,
ωwz1 = dβ
wz
1 , β
wz
1 = ξdq −
1
2
ξ2dt . (5.12)
This 1-form can be used to construct an invariant action by pulling back to the surface space-time
manifold M , defined by q = q(t), ξ = ξ(t), and then integrating,
Swz1 =
∫
M
βwz1 =
∫
dt ξq˙ − 1
2
ξ2 . (5.13)
Imposing the inverse Higgs constraint ξ = q˙ (or, equivalently, integrating out ξ), we recover the
well-known kinetic term for the non-relativistic free point particle which was missed in the coset
construction,
Swz1 =
∫
M
βwz1 =
∫
dt
1
2
q˙2 . (5.14)
The tadpole term may be constructed similarly from the two form
ωwz2 = ωC ∧ ωP = dq ∧ dt = dβwz2 , βwz2 = qdt . (5.15)
Swz2 =
∫
M
βwz2 =
∫
dt q . (5.16)
The final possible invariant 2-form constructible from the invariant one forms (5.7) is ωwz3 =
ωB ∧ ωP = dξ ∧ dt = d(ξdt). This leads to an action which is a total derivative once the Higgs
constraint is imposed, and so nothing new results. (This illustrates that the dimension of the
relevant cohomology groups may not in general count the number of galileons exactly, but will
only put an upper bound on the possible number.)
In all cases, the 2-form ωwz is closed since it can be written as d of a one form βwz (so that we
may use it to construct an action). Furthermore, the 2-form ωwz is by construction (left) invariant
under the vector fields that generate the symmetries we are interested in (5.1). However, the
1-form βwz is not invariant—it shifts by a total d (as it must since ωwz is invariant, ωwz = dβwz,
and de Rham cohomology is trivial on all the spaces we’re considering), but this still leaves the
action invariant.
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The interesting 2-forms are therefore those which are invariant under the action of the vector
fields (5.10) but which cannot be written as the exterior derivative of a 1-form which is itself in-
variant [45] (since otherwise the corresponding 1-form on the boundary would be strictly invariant
and would have already been captured by the coset construction). They can thus be identified
with non-trivial elements of the Lie algebra cohomology
H2 (Gal(0 + 1, 1)) . (5.17)
Lagrangians constructed in this manner are what we call Wess–Zumino terms. For a d-
dimensional space-time, they are terms that correspond to non-trivial d + 1 co-cycles in the
cohomology of d acting on invariant vector fields on the coset space (we will review this more
carefully in the next section) [40].
6 Non-relativistic point particle moving in higher dimen-
sions
Now that we have understood a familiar system as the simplest example of a galileon theory, we
are ready to apply the same techniques to the next most complicated case. We consider the point
particle in higher co-dimensions, where in addition to space-time transformations, the fields can
also rotate into each other in field space. This describes a non-relativistic particle moving in the
plane RN .
The fields qI now have an extra index, I = 1, · · · , N , the shift symmetries and time translation
symmetry act as
δCJ q
I = δIJ , δBJ q
I = −tδIJ , δP qI = −q˙I , (6.1)
and there is now an internal so(N) symmetry,
δJIJ q
K = (δKI δJL − δKJ δIL)qL . (6.2)
The non-trivial commutation relations are
[BI , P ] = CI ,
[JJK , CI ] = δJICK − δKICJ ,
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[JKL, BI ] = δIKBL − δILBK ,
[JIJ , JKL] = δIKJJL − δJKJIL + δJLJIK − δILJJK , (6.3)
and the symmetry breaking pattern is
Gal(0 + 1, N) −→ iso(1)⊕ so(N) . (6.4)
The coset we are interested in is then
Gal(0 + 1, N)/SO(N) , (6.5)
which is parameterized by (2.10),
V˜ = etP eq
ICI+ξ
IBI . (6.6)
(Recall that the unbroken generators, in this case the internal rotation generators, are not included
in the coset, but the unbroken translations are). The Maurer–Cartan form (2.12) is nearly the
same as in the point particle case (5.7), except that some of the components now carry an extra
internal index
ωP = dt , ω
I
C = dq
I − ξIdt , ωIB = dξI . (6.7)
Similarly, the inverse Higgs constraint is now given by
ξI = q˙I . (6.8)
As before, the only invariant form left for constructing actions is q¨Idt, so all coset constructible
actions contain at least two derivatives per field.
To construct the Wess–Zumino terms, we again create 2-forms by wedging together the 1-
forms (6.7), but now we must be sure that the forms are so(N)-invariant so that they are well
defined on the coset. This means that the so(N) indices in (6.7) must be contracted using so(N)
invariant tensors, and the only such tensors are δIJ and ǫI1···IN . These forms will therefore be
identified with the relative Lie algebra cohomology
H2 (Gal(0 + 1, N), so(N)) . (6.9)
We construct the kinetic terms of the fields by considering
ωwz1 = δIJω
I
B ∧ ωJC = δIJdξI ∧
(
dqJ − ξJdt) , (6.10)
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which can be written as the exterior derivative of a 1-form,
ωwz1 = dβ
wz
1 , β
wz
1 = δIJ
(
ξIdqJ − 1
2
ξIξJdt
)
. (6.11)
Pulling back to the surface space-time manifold M , defined by qI = qI(t), ξI = ξI(t), and then
integrating, we have
Swz1 =
∫
M
βwz1 =
∫
dt δIJ
(
ξI q˙J − 1
2
ξIξJ
)
, (6.12)
and then imposing the inverse Higgs constraint ξI = q˙I (or equivalently, integrating out ξI), we
recover
Swz1 =
∫
M
βwz1 =
∫
dt
1
2
δIJ q˙
I q˙J . (6.13)
For N ≥ 2 there is no longer a tadpole term, since the Lagrangian must be invariant under
an SO(N) rotation of the fields qI . There are also no more non-trivial Wess–Zumino terms beyond
the kinetic term (once the inverse Higgs constraints are imposed), with one exception: for N = 2
a novel Lagrangian appears involving the ǫIJ tensor,
ωwz = ǫIJω
I
B ∧ ωJB = ǫIJdξI ∧ dξJ = dβwz2 , βwz2 = ǫIJξIdξJ , (6.14)
S2 =
∫
M
βwz2 =
∫
dt ǫIJξ
I ξ˙J , (6.15)
which upon imposing the inverse Higgs constraint becomes
S2 =
∫
M
βwz2 =
∫
dt ǫIJ q˙
I q¨J . (6.16)
Note that this is an example in which the imposition of the inverse Higgs constraint is not equiv-
alent to integrating out redundant fields from the action.
Thus, in the bi-galileon case there is the extra Lagrangian L = ǫIJ q˙J q¨J which has third-order
equations of motion, unlike the other galileons, so the relation between second order equations of
motion and Wess–Zumino terms is not a perfectly tight one, though it holds in all other cases.
Even so, this term still describes fewer degrees of freedom (there are two fields each with third
order equations, indicating six phase space degrees of freedom, or three real degrees of freedom)
than the non-galileon terms, though it describes more than the kinetic term.
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7 Galileons
We now perform the coset construction for galileons in four dimensions. This is the situation
of greatest physical interest. We will consider the case which is inspired by a co-dimension 1
braneworld model, in which the galileons are related to the brane-bending mode into the bulk.
The galileons non-linearly realize the shift symmetries
δCπ = 1 , δBµπ = x
µ , (7.1)
and we have the the non-trivial commutators
[Pµ, Bν ] = ηµνC , [Jρσ, Bν ] = ηρνBσ − ησνBρ , (7.2)
which, along with the commutators of Poincare´ transformations, fill out the galileon algebra
Gal(3 + 1, 1). The 4d galileons non-linearly realize the symmetry breaking pattern
Gal(3 + 1, 1) −→ iso(3, 1) , (7.3)
and the coset is parameterized by (2.10)
V˜ = ex·PepiC+ξ·B . (7.4)
Note that the linearly realized generators consists of only the Lorentz transformations, so we are
working with the coset
Gal(3 + 1, 1)/SO(3, 1) . (7.5)
The coefficients of the components of the Maurer–Cartan form (2.12) are
ωµP = dx
µ , ωC = dπ + ξµdx
µ , ωµB = dξ
µ , ωµνJ = 0 . (7.6)
As is the norm when breaking space-time symmetries, there are fewer Goldstone modes than
na¨ıve counting would lead us to believe. We have broken generators, Vµ and C, but we only have a
single Goldstone mode π, and this can be seen from the presence of an inverse Higgs constraint—
the commutator [Pµ, Bν ] = ηµνC tells us that we may eliminate the ξµ field in favor of π by setting
ωC = 0, which leads to the relation
ξµ = −∂µπ . (7.7)
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This allows us to write the components of the Maurer–Cartan form as
ωµP = dx
µ , ωµB = −dxν∂ν∂µπ . (7.8)
Since we can only build Lagrangians by using these ingredients (along with the higher covariant
derivatives on π, which in this case are the same as ordinary derivatives), the field π will only
ever appear with at least 2 derivatives per field. Thus we can never obtain the galileons from
this construction, since the galileon terms (1.2) all have fewer than two derivatives per field (the
galileon Lagrangians with n π’s have 2n− 2 derivatives).
The fact that they cannot be built by the coset construction is suggestive of the fact that the
4d galileons are Wess–Zumino terms in the same sense as the free particle kinetic term—they are
4-form potentials for non-trivial 5-co-cycles in Lie algebra cohomology. The construction proceeds
similarly to the 1d case.
We work on the coset space, the space in which π and ξµ are considered as new coordinates
in addition to the xµ directions of space-time. The Lagrangian will be obtained by integrating
a Wess–Zumino form on the subspace where π = π(x) and ξµ = ξµ(x). The symmetries on the
coset space are generated by the vector fields
C = ∂pi , Bµ = ∂ξµ − xµ∂pi , Pµ = ∂µ . (7.9)
The components of the Maurer–Cartan form (7.6), where we treat π and ξµ as independent
coordinates, are the (left) invariant 1-forms on the coset space parametrized by {π, ξµ, xµ}, so
that we have £Xω = 0 where X is any of the vector fields (7.9) and ω is any of the forms (7.6).
To construct the Wess–Zumino terms, we create invariant 5-forms by wedging together the
1-forms (7.6). However, we must ensure that the forms are invariant under the Lorentz transfor-
mations so(3, 1) so that they are well defined on the coset. This means that the Lorentz indices
in (7.6) must be contracted using Lorentz invariant tensors, and the only such tensors are ηµν and
ǫµνρσ. From the cohomology perspective, this means that the galileon terms are members of the
relative Lie algebra cohomology group
H5 (Gal(3 + 1, 1), so(3, 1)) . (7.10)
Start by considering the invariant 5-form
ωwz1 = ǫµνρσ ωC ∧ ωµP ∧ ωνP ∧ ωρP ∧ ωσP = ǫµνρσdπ ∧ dxµ ∧ dxν ∧ dxρ ∧ dxσ , (7.11)
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which can be written as the exterior derivative of a 4-form,
ωwz1 = dβ
wz
1 , β
wz
1 = ǫµνρσπdx
µ ∧ dxν ∧ dxρ ∧ dxσ . (7.12)
Pulling back to the space-time manifold M , defined by π = π(x), ξ = ξ(x), and then integrating,
Swz1 =
∫
M
βwz1 =
∫
M
πǫµνρσdx
µ ∧ dxν ∧ dxρ ∧ dxσ ∼
∫
d4x π , (7.13)
we recover the tadpole term, which is the first galileon. Just as in the free particle case, the
tadpole term appears as a 4-form which shifts by a total derivative under the symmetries and
whose exterior derivative is a strictly invariant 5-form.
Next consider
ωwz2 = ǫµνρσ ωC ∧ ωµB ∧ ωνP ∧ ωρP ∧ ωσP = ǫµνρσ
(
dπ + ξλdx
λ
) ∧ dξµ ∧ dxν ∧ dxρ ∧ dxσ , (7.14)
which can be written as the exterior derivative of a 4-form,10
ωwz2 = dβ
wz
2 , β
wz
2 = ǫµνρσ
(
πdξµ − 1
8
ξ2dxµ
)
∧ dxν ∧ dxρ ∧ dxσ . (7.16)
Pulling back to the space-time manifold M and integrating, we obtain
Swz2 =
∫
M
βwz2 = 3!
∫
d4x
(
π∂µξ
µ − 1
2
ξ2
)
. (7.17)
Imposing the Higgs constraint ξµ = −∂µπ (or equivalently, integrating out ξµ), we recover the
kinetic term, which is the second galileon,
Swz2 ∼
∫
d4x (∂π)2 . (7.18)
The construction of L3 is similar. We consider
ωwz3 = ǫµνρσ ωC ∧ ωµB ∧ ωνB ∧ ωρP ∧ ωσP = ǫµνρσ
(
dπ + ξλdx
λ
) ∧ dξµ ∧ dξν ∧ dxρ ∧ dxσ , (7.19)
10In showing this, it is helpful to use the identity
ǫµνρσξλdξ
µ∧dxλ∧dxν∧dxρ∧dxσ = 1
4
ǫµνρσξλdξ
λ∧dxµ∧dxν∧dxρ∧dxσ = 3!ξµdξµ∧dx0∧dx1∧dx2∧dx3 . (7.15)
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which can be written as the exterior derivative of a 4-form11
ωwz3 = dβ
wz
3 , β
wz
3 = ǫµνρσ
(
πdξµ ∧ dξν ∧ dxρ ∧ dxσ − 1
3
ξ2dξµ ∧ dxν ∧ dxρ ∧ dxσ
)
. (7.21)
Pulling back to the space-time manifold M and integrating yields
Swz3 =
∫
M
βwz3 =
∫
M
d4x
[
− 2π [(∂µξµ)2 − ∂µξν∂νξµ]+ 2ξαξα∂µξµ] . (7.22)
Imposing the Higgs constraint ξµ = −∂µπ, and performing a 4d integration by parts, we recover
the cubic galileon,
Swz3 ∼
∫
M
d4xπ(∂π)2 . (7.23)
The pattern in now clear. The expressions for L4 and L5 will be given by the forms
ωwz4 = ǫµνρσωC ∧ ωµB ∧ ωνB ∧ ωρB ∧ ωσP ,
ωwz5 = ǫµνρσωC ∧ ωµB ∧ ωνB ∧ ωρB ∧ ωσB , (7.24)
respectively. From the cohomology perspective, the galileon terms are members of the relative Lie
algebra cohomology group H5 (Gal(3 + 1, 1), so(3, 1)).
7.1 d dimensional galileons
This procedure is easily generalized to d space-time dimensions, in which case the breaking pattern
is
Gal((d− 1) + 1, 1)→ iso(d− 1, 1), (7.25)
and the coset is
Gal((d− 1) + 1, 1)/SO(d− 1, 1). (7.26)
The n-th single field galileon term descends from the (d+ 1)-form
ωwzn = ǫµ1···µdωC ∧ ωµ1B ∧ · · · ∧ ωµn−1B ∧ ωµnP ∧ · · · ∧ ωµdP ,
= ǫµ1···µd
(
dπ + ξλdx
λ
) ∧ dξµ1 ∧ · · · ∧ dξµn−1 ∧ dxµn ∧ · · · ∧ dxµd , (7.27)
11In showing this, it is helpful to use the identity
−2
3
ǫµνρσξλdξ
λ ∧ dξµ ∧ dxν ∧ dxρ ∧ dxσ = ǫµνρσξλdξµ ∧ dξν ∧ dxλ ∧ dxρ ∧ dxσ = −4ξλdξλ ∧ dξµ ∧ (∗4dxµ), (7.20)
where ∗4 is the Hodge star on the space of xµ’s.
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where the basis 1-forms are the d-dimensional versions of (7.6). This is the total derivative of
the non-invariant Wess–Zumino d-form12 (in the following expressions n ≥ 2, the tadpole is easily
treated as before),
ωwzn = dβ
wz
n ,
βwzn = ǫµ1···µd
(
πdξµ1 ∧ · · · ∧ dξµn−1 ∧ dxµn ∧ · · · ∧ dxµd
− (n− 1)
2(d− n + 2)ξ
2dξµ1 ∧ · · · ∧ dξµn−2 ∧ dxµn−1 ∧ · · · ∧ dxµd
)
. (7.29)
Pulling back to the space-time manifold M and integrating yields
Swzn =
∫
M
βwzn =
∫
M
ddx (d− n+ 1)!(n− 1)!πδ[ν1µ1 · · · δνn−1]µn−1 ∂ν1ξµ1 · · ·∂νn−1ξµn−1
−n− 1
2
(d− n + 1)!(n− 2)!ξ2δ[ν1µ1 · · · δνn−2]µn−2 ∂ν1ξµ1 · · ·∂νn−2ξµn−2 .
(7.30)
Imposing the Higgs constraint ξµ = −∂µπ, and integrating the last term by parts, we recover the
general galileon (1.2),
Swzn ∼
∫
M
ddx πδ[ν1µ1 · · · δνn−1]µn−1 ∂ν1∂µ1π · · ·∂νn−1∂µn−1π. (7.31)
The d dimensional galileon terms are members of the relative Lie algebra cohomology group
Hd+1 (Gal((d− 1) + 1, 1), so(d− 1, 1)) . (7.32)
8 Multi-galileons
It is straightforward to extend the analysis to the multi-galileon case. The action and commutation
relations are those of the algebra Gal(3 + 1, N) described in Section 4, and the galileons realize
12We use the identity,
1
(d− n+ 2)!ξλdξ
λ ∧ dξµ1 ∧ · · · ∧ dξµn−2 ∧ dxµn−1 ∧ · · · ∧ dxµdǫµ1···µd
= − 1
(n− 1)(d− n+ 1)!ξλdx
λ ∧ dξµ1 ∧ · · · ∧ dξµn−1 ∧ dxµn ∧ · · · ∧ dxµdǫµ1···µd
= ξλdξ
λ ∧ dξµ1 ∧ · · · ∧ dξµn−2 ∧ ∗d (dxµ1 ∧ · · · ∧ dxµn−2) , (7.28)
where ∗d is the Hodge star on the space of xµ’s.
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the symmetry breaking pattern
Gal(3 + 1, N) −→ iso(3, 1)⊕ so(N) . (8.1)
The coset is parameterized by (2.10)
V˜ = ex·Pepi
I ·CI+ξ
I ·BI , (8.2)
and the linearly realized subgroup consists of the Lorentz transformations and the so(N) rotations,
so we are working with the coset
Gal(3 + 1, N)/ (SO(3, 1)⊕ SO(N)) . (8.3)
The coefficients of the components of the Maurer–Cartan form (2.12) are
ωµP = dx
µ , ωIC = dπ
I+ξIµdx
µ , ωIµB = dξ
Iµ , ωµνJ = ω
IJ
J = 0 , (8.4)
and the inverse Higgs constraint is
ξIµ = −∂µπI , (8.5)
so that we again find that we cannot construct any terms with fewer than two derivatives per πI .
To construct the Wess–Zumino terms, we create invariant 5-forms by wedging together the
1-forms (8.4), making sure that the forms are invariant under both the Lorentz transformations
so(3, 1) and the internal so(N) transformations so that they are well defined on the coset. The
two possible 5-forms that lead to non-trivial Lagrangians for N ≥ 2 are
ωwz2 = δIJǫµνρσ ω
I
C ∧ ωJµB ∧ ωνP ∧ ωρP ∧ ωσP ,
ωwz4 = δIJδKLǫµνρσ ω
I
C ∧ ωJµB ∧ ωKνB ∧ ωLρB ∧ ωσP , (8.6)
leading to the kinetic term, and the quartic term studied in [6].
From the cohomology perspective, the multi-galileon terms are members of the relative Lie
algebra cohomology group
H5 (Gal(3 + 1, N), so(3, 1)⊕ so(N)) . (8.7)
Generalizing to d-dimensions, there are d/2 possible terms for d even, and (d+1)/2 possible
terms for d odd. The Wess–Zumino (d+ 1)-forms are
ωwz2n = δI1J1 · · · δInJnǫµ1···µd ωI1C ∧ ωJ1µ1B ∧ · · · ∧ ωInµ2n−2B ∧ ωJnµ2n−1B ∧ ωµ2nP ∧ · · · ∧ ωµdP , (8.8)
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which lead to the Lagrangian (1.3). They are members of the relative Lie algebra cohomology
group
Hd+1 (Gal((d− 1) + 1, N), so(d− 1, 1)⊕ so(N)) . (8.9)
Note that using ǫI1···IN to contract indices gives nothing new, leading only to Lagrangians which
are total derivatives (with the exception of d = 1, N = 1 in (6.14)).
9 Counting the galileons
While the construction of the four dimensional single field galileons makes it hard to imagine
any other possible galileon invariant Lagrangians (and it has been shown by other methods that
there aren’t any [3]), it is good to have a formal check that we have indeed found every possible
Wess–Zumino term. After all, every Lagrangian that is compatible with the symmetries of the
theory should be included when constructing an effective field theory, and so proper bookkeeping
and accounting of terms is a worthwhile endeavor.
In order to verify that we have found all possible Wess–Zumino terms, we want to compute
the relative Lie algebra cohomology H5 (Gal(3 + 1, 1), so(3, 1)). Noting that (7.6) is a basis for
left-invariant forms, we determine the action of the exterior derivative, d, on these forms
dωµP = 0 , dω
µ
B = 0 , dωC = ηµνω
µ
B ∧ ωνP . (9.1)
To meet the requirement of SO(3, 1) invariance, all Greek indices must be contracted with ηµν or
ǫµνρσ. Then, the SO(3, 1) invariant 5-co-cycles can be explicitly constructed and are given by
ω1 = ǫµνρσωC ∧ ωµP ∧ ωνP ∧ ωρP ∧ ωσP ,
ω2 = ǫµνρσωC ∧ ωµP ∧ ωνP ∧ ωρP ∧ ωσB ,
ω3 = ǫµνρσωC ∧ ωµP ∧ ωνP ∧ ωρB ∧ ωσB , (9.2)
ω4 = ǫµνρσωC ∧ ωµP ∧ ωνB ∧ ωρB ∧ ωσB ,
ω5 = ǫµνρσωC ∧ ωµB ∧ ωνB ∧ ωρB ∧ ωσB .
It is clear that each of these forms are closed, dω = 0. Furthermore, due to the presence of a
factor of ωC in each form, none of these are expressible as the exterior derivative of a 4-form. In
order to not vanish there must have been exactly one factor of ωC in the 4-co-chain, but such a
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form is not Lorentz invariant; therefore all of the 5-co-cycles in (9.2) are non-trivial elements of
H5(gal(1 + 3, 1), so(3, 1)).
This provides a formal check that there only exist the five galileon Lagrangians and we have
not missed any other Wess–Zumino terms in our construction. Similar remarks apply to all other
dimensions and co-dimensions.
10 Conformal galileons
The conformal galileon is a higher derivative theory of a single scalar field, with second order equa-
tions of motion, and which non-linearly realizes the conformal group. The relevant Lagrangians
were first constructed in Sec. 3.1 of [3],
L1 = −1
4
e4pi ,
L2 = −1
2
e2pi(∂π)2 ,
L3 = 1
2
(∂π)2✷π +
1
4
(∂π)4 ,
L4 = −1
2
e−2pi(∂π)2
(
[Π]2 − [Π2] + 2
5
(−(∂π)2✷π + [π3]) + 3
10
(∂π)4
)
,
L5 = −1
2
e−4pi(∂π)2
[
− [Π]3 + 3[Π][Π2]− 2[Π3] + 3(∂π)2([Π]2 − [Π2])
+
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7
(∂π)2(−(∂π)2[Π] + [π3])− 3
28
(∂π)6
]
. (10.1)
We have used the notation Π for the matrix of partials Πµν ≡ ∂µ∂νπ, and brakets denote traces,
[Πn] ≡ Tr(Πn), e.g. [Π] = π, [Π2] = ∂µ∂νπ∂µ∂νπ. We’ve also defined [πn] ≡ ∂π · Πn−2 · ∂π, e.g.
[π2] = ∂µπ∂
µπ, [π3] = ∂µπ∂
µ∂νπ∂νπ. Indices are raised and lowered with ηµν .
The conformal galileons linearly realize Poincare´ symmetry,
δPµπ = −∂µπ ,
δJµνπ = (xµ∂ν − xν∂µ)π , (10.2)
while the conformal symmetry is non-linearly realized
δDπ = −1 − xµ∂µπ ,
δKµπ = −2xµ − (2xµxν∂ν − x2∂µ)π . (10.3)
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Taken together, the transformations satisfy the commutators of the conformal algebra so(4, 2),
[Pµ, D] = Pµ , [D,Kµ] = Kµ ,
[Jµν , Kσ] = ηµσKν − ηνσKµ , [Jµν , Pσ] = ηµσPν − ηνσPµ ,
[Kµ, Pν ] = 2Jµν − 2ηµνD , [Jµν , Jρσ] = ηµρJνσ − ηνρJµσ + ηνσJµρ − ηµσJνρ .
(10.4)
The conformal galileons may be interpreted as the Goldstone field associated with the symmetry
breaking pattern
so(4, 2) −→ iso(3, 1) . (10.5)
As we shall see, it is possible to obtain the conformal galileon terms via the coset construction,
with the exception of the term quartic in derivatives, L3, which appears as a Wess–Zumino term.
The coset space is
SO(4, 2)/SO(3, 1), (10.6)
which we parametrize as13
V˜ = ex·PepiDeξ·K . (10.7)
Calculating the Maurer–Cartan form (2.12),
ω = V˜ −1dV˜ = ωµPPµ + ωDD + ω
µ
KKµ +
1
2
ωµνJ Jµν , (10.8)
the components are found to be [15, 37, 57, 58]
ωµP = e
pidxµ,
ωD = dπ + 2e
piξµdx
µ,
ωµK = dξ
µ + ξµdπ + epi
(
2ξµξνdx
ν − ξ2dxµ) ,
ωµνJ = −4epi (ξµdxν − ξνdxµ) . (10.9)
where indices have been raised and lowered with ηµν .
Due to the commutator [Kµ, Pν] = 2Jµν−2ηµνD, there is an inverse Higgs constraint, ωD = 0
yielding the relation
ξµ = −1
2
e−pi∂µπ . (10.10)
13This differs slightly from our general expression (2.10) since we write a product of exponentials for the broken
generators rather than the exponential of a sum. This just amounts to a different choice of parametrization for the
coset.
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Plugging back into the Maurer–Cartan form, we have
ωµP = e
pidxµ,
ωµK = e
−pi
(
1
2
∂νπ∂
µπdxν − 1
2
∂ν∂
µπdxν − 1
4
(∂π)2dxν
)
,
ωµνJ = 2 (∂
µπdxν − ∂νπdxµ) .
(10.11)
The vielbein (2.14) can be extracted from ωP ,
e αν = e
piδαν , (10.12)
giving the invariant metric
gµν = e
α
µ e
β
ν ηαβ = e
2piηµν . (10.13)
The invariant measure (2.16) is √−g = e4pi. (10.14)
The derivative (2.18) associated to ξβ (here another Lorentz index β plays the role of the index a
in Section 2.2) is given by the expression (ωK)
β
µ = e
α
µ Dαξβ . By contracting with the vielbein,
we can instead work with the object Dµξν ≡ e αµ Dαξβe γν ηβγ = (ωK) βµ e αν ηβα,
Dµξν = 1
2
∂νπ∂µπ − 1
2
∂ν∂µπ − 1
4
(∂π)2ηµν . (10.15)
We construct invariant Lagrangians by using Dµξν, contracting up indices with the metric (10.13)
and multiplying by the measure (2.16).
Another method is used in [3]14. The conformal galileons are constructed by forming dif-
feomorphism scalars of the conformal metric gµν = e
2piηµν . This method is in fact completely
equivalent to the coset construction, because we have for the Ricci tensor
Rµν(g) = 2∂µπ∂νπ − 2∂µ∂νπ −πηµν − 2(∂π)2ηµν , (10.16)
which can be expressed in terms of the covariant derivative (10.15),
Rµν(g) = 4Dµξν + 2Dρξρgµν . (10.17)
The Ricci scalar for the conformal metric is R[g] = 12Dρξρ, and the Riemann tensor gives noth-
ing beyond the Ricci tensor because the Weyl tensor vanishes for the conformally flat metric
14There is also a method called tractor calculus, which is designed for constructing realizations of conformal
symmetry [64–70].
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(10.13). Furthermore, higher covariant derivatives D in the coset are equivalent to higher covari-
ant derivatives ∇(g) with respect to the metric (10.13). We therefore see that the invariant actions
constructible by the coset method correspond to all possible diffeomorphism scalars constructed
from the metric gµν = e
2piηµν , its curvature tensors and its covariant derivative.
The zero derivative term in (10.1) comes from the volume element
L1 ∼
√−g = e4pi , (10.18)
while the kinetic term comes from the Ricci curvature, after an integration by parts
L2 ∼
√−gR = 6e2pi(∂π)2 . (10.19)
The terms L4 and L5 are constructed from particular curvature invariants of order R3 and R4,
respectively [3].
The term L3, however, presents a problem. It should be constructible from curvature invari-
ants of order R2, but all three curvature invariants which are quadratic in the Ricci curvature
give the same contribution after integration by parts (and in fact, only two could have been in-
dependent since the Gauss-Bonnet combination R2− 4RµνRµν +RµνρσRµνρσ is a total derivative)
[3].
√−gR2
√−gRµνRµν√−gRµνρσRµνρσ

 ∝ (π)
2 + (∂π)4 + 2π(∂π)2 , (10.20)
which is not of the form L3 and gives rise to higher order equations of motion due to the (π)2
term. It would thus appear that it is impossible to create the conformal galileon L3 by the coset
method.
However, one can create a linearly independent invariant Lagrangian by using a trick, as
is done in [3]. We go to d dimensions,15 and consider the following combination of curvature
invariants,
√−g
(d− 4)
(
R2µν
(d− 1) −
R2
(d− 1)2
)
= e(d−4)pi
(
(π)2 +
(d− 2)(3d− 4)
2(d− 1) π(∂π)
2 +
(d− 2)3
2(d− 1)(∂π)
4
)
.
(10.21)
15The d-dimensional metric is e2pi times the d-dimensional Minkowski metric.
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This combination is finite in the limit d→ 4 and leads to the Lagrangian
L ∼ 3
4
(π)2 + (∂π)4 + 2π(∂π)2 . (10.22)
This combination is linearly independent of (10.20), and can be used to subtract off the offending
(π)2 term giving the cubic galileon
L3 ∼ (∂π)4 + 2π(∂π)2 . (10.23)
The fact that we must do this dimensional continuation to construct L3 is a harbinger of the
fact that this is a Wess–Zumino term. The fact that Wess–Zumino terms are not captured by the
coset construction appears here through the fact that we have to move away from four dimensions.
In fact, it is easy to show that L3 changes by a total derivative under the non-linear symmetries
while the remaining Lagrangians are strictly invariant (modulo the total derivative associated with
changing the field coordinates), so we expect the necessity of a Wess–Zumino type construction
for L3.
Starting with the conformal algebra (10.4), we wish to compute the relative Lie algebra
cohomology
H5(so(4, 2), so(3, 1)), (10.24)
in order to catalog the possible Wess–Zumino terms. Recall from Section 3 that the basis forms
which are dual to the Lie algebra vectors are written with upper indices and the forms which
annihilate the vector subspace spanned by so(3, 1) are {D,Kµ, P µ}. These are used to create
n-co-chains for computing the relative Lie algebra cohomology. The co-boundary operator δ acts
on the basis forms as
δD = 2ηµνK
µ ∧ P ν ,
δP µ = D ∧ P µ + 2P β ∧ Jαµηαβ , (10.25)
δKµ = −D ∧Kµ + 2Kβ ∧ Jαµηαβ .
We can construct the following six so(3, 1) invariant 5-co-chains
ω1 = ǫµνρσD ∧ P µ ∧ P ν ∧ P ρ ∧ P σ,
ω2 = ǫµνρσD ∧ P µ ∧ P ν ∧ P ρ ∧Kσ,
ω3 = ǫµνρσD ∧ P µ ∧ P ν ∧Kρ ∧Kσ,
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ω4 = ǫµνρσD ∧ P µ ∧Kν ∧Kρ ∧Kσ,
ω5 = ǫµνρσD ∧Kµ ∧Kν ∧Kρ ∧Kσ,
ω6 = ηµνηρσD ∧ P µ ∧Kν ∧ P ρ ∧Kσ . (10.26)
The co-chains ω1 to ω5 are closed (δω = 0), and we therefore have five possible non-trivial co-cycles.
However, four of these turn out to be co-boundaries
ω1 =
1
4
δ
[
ǫµνρσP
µ ∧ P ν ∧ P ρ ∧ P σ
]
,
ω2 =
1
2
δ
[
ǫµνρσD ∧ P µ ∧ P ν ∧ P ρ ∧Kσ
]
,
ω4 = −1
2
δ
[
ǫµνρσD ∧ P µ ∧Kν ∧Kρ ∧Kσ
]
,
ω5 = −1
4
δ
[
ǫµνρσD ∧Kµ ∧Kν ∧Kρ ∧Kσ
]
. (10.27)
However, it turns out that ω3 is a non-trivial co-cyle. The only possible so(3, 1) invariant potential
for ω3 would be of the form α3 ∼ ǫµνρσP µ ∧P ν ∧Kρ ∧Kσ but, due to the sign difference between
δP µ and δKµ, the co-boundary operator annihilates this form, δα3 = 0. Therefore, there is a single
non-trivial element of H5(so(4, 2), so(3, 1)) and correspondingly, a single Wess–Zumino term.
The 5-form corresponding to the non-trivial co-cycle ω3 is given by
ωwz3 = ǫµνρσ ωD ∧ ωµP ∧ ωνP ∧ ωρK ∧ ωσK (10.28)
= ǫµνρσ
[
e4pi
(
ξ4dπ ∧ dxµ ∧ dxν ∧ dxρ ∧ dxσ − 4ξ2ξλdxλ ∧ dxµ ∧ dxν ∧ dxρ ∧ dxσ
)
+ e3pi
(−2ξ2dπ ∧ dxµ ∧ dxν ∧ dξρ ∧ dxσ + 2ξλdxλ ∧ dxµ ∧ dxν ∧ dξρ ∧ dξσ)
+ e2pidπ ∧ dxµ ∧ dxν ∧ dξρ ∧ dξσ
]
, (10.29)
and can be written as a total derivative,
ωwz3 = dβ
wz
3 ,
βwz3 = ǫµνρσ
[
e4pi
4
ξ4dxµ ∧ dxν ∧ dxρ ∧ dxσ − e
3pi
3
ξ2dxµ ∧ dxν ∧ dξρ ∧ dxσ + e
2pi
2
dxµ ∧ dxν ∧ dξρ ∧ dξσ
]
.
(10.30)
Pulling back and imposing the inverse Higgs constraint (10.10), the final result is
Swz3 =
∫
M
βwz3 = −
1
2
∫
d4x
[1
2
π(∂π)2 +
1
4
(∂π)4
]
, (10.31)
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which reproduces L3.
The extension to d space-time dimensions proceeds without too much trouble. When d
is even, there is a single Wess–Zumino galileon, the middle one L d
2
+1. The others are all coset
constructible. As an example, in d = 2 the kinetic term L2 is a Wess–Zumino term. It is impossible
to construct with the coset method, since the only possible curvature term which could give it,
R, is a total derivative in two dimensions. When d is odd, there is no Wess–Zumino term, and all
the conformal galileons are coset constructible.
It is worth noting that the 4-dimensional Wess–Zumino term
L3 ∼ (∂π)4 + 2π(∂π)2 , (10.32)
has been of some interest recently in connection with the a-theorem in four dimensions [71, 72].
This term for the 4 dimensional conformal group plays a similar role to that of the more well-
known 2 dimensional Wess–Zumino term in the trace anomaly. The extension to d dimensions
reflects the fact that there is no anomaly for odd d, and in even d it is associated with terms of
order d/2 in the curvature.
11 DBI galileons
The DBI galileons are higher-derivative scalar field theories which non-linearly realize higher
dimensional Poincare´ symmetry and retain second order equations of motion. In four dimensions,
realizing 5-d Poincare´, they are
L1 = π,
L2 = −
√
1 + (∂π)2 ,
L3 = − [Π] + γ2
[
π3
]
,
L4 = −γ
(
[Π]2 − [Π2])− 2γ3 ([π4]− [Π] [π3]) ,
L5 = −γ2
(
[Π]3 + 2
[
Π3
]− 3 [Π] [Π2])− γ4 (6 [Π] [π4]− 6 [π5]− 3 ([Π]2 − [Π2]) [π3]) . (11.1)
The notation is explained below (10.1), and
γ ≡ 1√
1 + (∂π)2
. (11.2)
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The DBI galileons were first derived in [29] from the perspective of a 3-brane probing a flat
5d bulk.16 The last four DBI galileons are obtained from Lovelock invariants of the induced brane
metric and the boundary terms associated to 5d Lovelock invariants,
L2 = −
√−g ,
L3 =
√−gK ,
L4 = −
√−g R ,
L5 =
√−g
[
−K3µν +
3
2
KK2µν −
1
2
K3 − 3(Rµν − 1
2
Rgµν)K
µν
]
, (11.3)
where the induced metric and extrinsic curvature are
gµν = ηµν + ∂µπ∂νπ, Kµν = −γ∂µ∂νπ. (11.4)
The first term, the tadpole, is not constructed from local terms on the brane, but as the five-
dimensional volume bounded by the brane (as discussed in [31]), and is a Wess–Zumino term, as
we will see.
The DBI galileons realize spontaneous breaking of the 5d Poincare´ algebra to its 4d Poincare´
subalgebra,
iso(4, 1) −→ iso(3, 1). (11.5)
The broken transformations are translations and rotations into the fifth direction [29, 31]
δP5π = 1 , δJµ5π = xµ + π∂µπ . (11.6)
The 5d Poincare´ algebra has the commutation relations
[JMP , PQ] = ηMQPN − ηNQPM
[JMN , JPQ] = ηMPJNQ − ηNPJMQ + ηNQJMP − ηMQJNP , (11.7)
where ηAB = diag (−1, 1, 1, 1, 1). The preserved subalgebra is the Poincare´ subalgebra generated
by (Jµν , Pρ), where Greek indices run from 0 to 3, acting as in (10.2).
The broken generators are P5 and Jµ5, and the coset space is
ISO(4, 2)/SO(3, 1), (11.8)
16Their spherical solutions are studied in [73], and inflationary non-gaussianity in [74].
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parametrized by17
V˜ = ex·PepiP5eξ
αJα5 . (11.9)
From this, we can compute the Maurer–Cartan form (2.12)
ω = V˜ −1dV˜ = ωαPPα + ωP5P5 + ω
α
JJα5 +
1
2
ωαβJ Jαβ , (11.10)
where the needed components are
ωαP = dx
α −
1
2
ψαψν
1 + ψ
2
4
dxν +
ψα
1 + ψ
2
4
dπ , (11.11)
ωP5 =
1− ψ2
4
1 + ψ
2
4
dπ − ψµ
1 + ψ
2
4
dxµ , (11.12)
ωαJ =
dψα
1 + ψ
2
4
. (11.13)
Here, inspired by [58], we have made the field redefinition
ψµ ≡ ξµ
tanh
√
−ξ2
4√
−ξ2
4
, (11.14)
to make the field ψ appear quadratically, which simplifies the expressions. We will not consider
the coupling of π to matter fields, so the explicit form of ωµνJ will not be important.
There is an inverse Higgs constraint, since the commutator of Jµ5 with the unbroken trans-
lations
[Pµ, Jν5] = −ηµνP5 , (11.15)
is proportional to the other unbroken generator P5, so the ψµ field is unphysical and may be
eliminated in favor of the π by setting ωP5 = 0, leading to the following relationship between the
π and ψµ fields
ψµ =
2∂µπ
1 +
√
1 + (∂π)2
. (11.16)
The choice of sign for the square root just leads to an overall sign in front of the Lagrangian,
and we will choose the + branch. Using this, we may simplify slightly the expressions for the
17As in the conformal galileon example (10.7), this differs slightly from our general expression (2.10), which just
amounts to a different choice of parametrization of the coset.
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Maurer–Cartan forms
ωαP =
(
δαµ +
1
2
ψµψ
α
1− ψ2
4
)
dxµ , (11.17)
ωαJ =
dψα
1 + ψ
2
4
. (11.18)
The vielbein (2.14) and inverse vielbein can be extracted from ωP ,
e αµ = δ
α
µ +
1
2
ψµψ
α
1− ψ2
4
, eµα = δ
µ
α −
1
2
ψαψ
µ
1 + ψ
2
4
. (11.19)
In fact, the coset construction is exactly equivalent to the brane construction of [29]. This
can be seen by noting that the induced metric associated to the vielbein (11.17) is
gµν = ηαβe
α
µ e
β
ν = ηµν + ∂µπ∂νπ . (11.20)
and similarly, the covariant derivative (2.18) of ξ, written with spacetime rather than Lorentz
indices, is precisely the extrinsic curvature
Dµξν ≡ e αµ (ωJ) βν ηαβ = γ∂µ∂νπ = −Kµν . (11.21)
The coset construction then instructs us to make any possible contractions of the objects {Kµν , gµν}
to build invariant actions.
The coset construction is entirely equiavlent to the brane construction of [29], because the
Gauss–Codazzi relation for a flat bulk
Rµνρσ −KµρKνσ +KνρKµσ = 0 , (11.22)
allows us to eliminate the Riemann tensor in favor of the extrinsic curvature. In particular, it is
possible to construct all of the terms (11.3) from the coset construction.18
18The DBI terms, save the tadpole L1, can also be constructed just by wedging the Maurer–Cartan components
together as
L2 = − 1
4!
ǫµνρσ ω
µ
P ∧ ωνP ∧ ωρP ∧ ωσP ,
L3 = 1
3!
ǫµνρσ ω
µ
J ∧ ωνP ∧ ωρP ∧ ωσP ,
L4 = −1
2
ǫµνρσω
µ
J ∧ ωνJ ∧ ωρP ∧ ωσP ,
L5 = ǫµνρσ ωµJ ∧ ωνJ ∧ ωρJ ∧ ωσP ,
and then integrating over the spacetime.
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Note that—just as in the brane construction—we have failed to construct the tadpole term,
L1 = π, from the coset methods in four dimensions. However, it is possible to construct this
tadpole as a Wess–Zumino term by considering the 5-form
ωwz1 = ǫµνρσωP5 ∧ ωµP ∧ ωνP ∧ ωρP ∧ ωσP . (11.23)
A fairly straightforward calculation reveals that this 5-form is exact,
ωwz1 = dβ
wz
1 ,
βwz1 = πǫµνρσdx
µ ∧ dxν ∧ dxρ ∧ dxσ . (11.24)
The action given by integrating this 4-form is then
S1 =
∫
M
βwz1 =
∫
d4x π , (11.25)
which is the action corresponding to the tadpole Lagrangian L1. Therefore we see that the tadpole
term is a Wess–Zumino term for spontaneously broken Poincare´ invariance, in contrast to the other
DBI galileon terms.
The DBI galileons are obtainable from the coset construction and so are not Wess–Zumino
terms (except for the tadpole term). Taking a small-field limit gives the ordinary galileon terms,
indicating that the procedure of contracting the algebra can change which terms are Wess–Zumino.
For concreteness, here we derived the DBI galileons in four dimensions, but similar remarks apply
in all dimensions: none of the DBI galileons will be Wess–Zumino except for the tadpole.
The case of higher co-dimensions is more subtle (the DBI galileons for higher co-dimension
are discussed in [6]), but the extension should not be too difficult. The coset construction used
here is not new—there are many examples of authors deriving low-energy effective actions for
membranes using non-linear realization techniques, for example [61–63]—but to our knowledge
the construction of the full set of DBI galileons from this perspective has not appeared elsewhere
in the literature.
Based on the expectation that the brane constructions used in [6, 29, 31, 32] are equivalent to
the coset construction, we can surmise that the DBI-like galileons living on (A)dS and flat spaces
and realizing higher dimensional (A)dS and Poincare´ symmetries, catalogued in [31, 32] (before
taking any small field limits), have the same Wess–Zumino properties as the original DBI galileons
studied in this section, that is, the tadpole is Wess–Zumino and the higher order galileons are not.
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12 Conclusions
We have demonstrated that galileons arise as Wess–Zumino terms for spontaneously broken space-
time symmetries. Their existence is linked to the existence of non-trivial co-cycles in relative Lie
algebra cohomology. The galileon terms are the d-form potentials for the (d+ 1)-form non-trivial
co-cycles. The existence of the galileons is due to the local algebraic properties of the relevant
groups.
We have also used the techniques of non-linear realizations to address multi-galileon theories,
showing that they too are Wess–Zumino terms. Finally, we considered the DBI galileons, showing
that they are not Wess–Zumino terms (except for the tadpole term), and we considered the
conformal galileons, showing that only the middle conformal galileon is a Wess–Zumino term.
The simplest example of a galileon theory is the free non-relativistic point particle. Indeed,
this case fits into the scheme presented here, since both the tadpole term and the free particle
kinetic term are Wess–Zumino terms in the same sense as the more familiar four-dimensional
galileons.
The fact that galileons arise due to local algebraic properties is somewhat tantalizing—it is
well-known that there is a non-renormalization theorem for galileons; they are not renormalized
to any loop order in perturbation theory [2, 6]. It may be possible that this non-renormalization
is tied to the algebraic properties of the galileon terms. A possibly instructive example is that of
anomalies—whose existence is similarly forecast by algebraic properties a´ la BRST—which also
have a non-renormalization theorem, although of a slightly different type (anomalies are not renor-
malized past 1-loop). This raises the possibility that the non-renormalization of galileons may be
understood in terms of some deeper topological or algebraic context based upon their construction
as Wess–Zumino terms, but unlike the Wess–Zumino–Witten term of the chiral Lagrangian (which
are not renormalized due to a quantization condition on their coefficients), there does not appear
to be an obvious global topological condition requiring the coefficients of the galileon terms to be
quantized.
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